THE C°-CONTACT TOPOLOGY AND THE GROUP OF 
CONTACT HOMEOMORPHISMS 



AUGUSTIN BANYAGA AND PETER W. SPAETH 

Abstract. Let (M, a) be a smooth manifold with a contact form a. 
Based on the approach of Oh and Miiller [15] we construct a contact 
topology on each of the spaces of contact isotopies and strictly contact 
isotopies of (A/, a). We further define the collections of contact home- 
omorphisms, C{M,a), and strictly contact homeomorphisms, S{M,a), 
and prove that the latter forms a group. 

If the contact form on M is regular, then S{M, a) is a central ex- 
tension of the group of hamiltonian homeomorphisms of the manifold 
B — M/ , the quotient of M by the flow of the Reeb held of the regular 
contact form. Moreover, we prove in that case the Viterbo uniqueness 
of continuous contact hamiltonians. 



Oh-Miiller [15] have defined the hamiltonian topology on the space of 
hamiltonian isotopies of a symplectic manifold {M,uj) and used it to de- 
fine the group Hameo(M, 6<j) of hamiltonian homeomorphisms. In [1], the 
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hamiltonian topology has been generalized to a symplectic topology on the 
spaces of all symplectic isotopies, and has been used to construct a group 
of symplectic homeomorphisms, nicknamed the group of strong symplectic 
homeomorphisms, generalizing the group Hameo(M, w). 

The goal of this paper is to define the contact topology on the space of 
contact isotopies of a contact manifold (M, a) and use it to define the space 
of contact homeomorphisms. Formally, the definitions go through as in [15], 
or in [4j. However, several difficulties arise when one attempts to construct 
a group of contact homeomorphisms as in [4] . This forces us to restrict our 
construction to strictly contact isotopies. Then the analogies with the hamil- 
tonian case of a symplectic manifold appear. We prove that the set S{M, a) 
of strictly contact homeomorphisms form a group (Theorem 2.2). This is 
the analogue of the group Hameo(M, u) of hamiltonian homeomorphisms 
[15]. 

The analogies with the hamiltonian case become even more appealing in 
the case of regular contact forms. In that case, we generalize a result of 
Oh-Miiller showing that the hamiltonian topology is nontrivial (Theorem 
5.1) and Viterbo's theorem on the uniqueness of continuous hamiltonians 
(Theorem 5.2). We also prove that Soo{M,a) is a central extension by 
of the group of hamitonian homeomorphisms of the basis B = M/S^ 
(Theorem 5.3). We end this paper by some remarks on the Eliashberg- 
Gromov "rigidity" of strictly contact diffeomorphisms. The results of this 
paper have been announced in [6]. 



2. The contact topology 

Let (M, a) be a smooth manifold of dimension 2n + 1, equipped with a 
contact form a, i.e. a smooth one-form a such that := a A (da)" is a 
volume form. 

There exists a unique vector field ^ = ^(a), called the Reeb field of the 
contact form a such that a(^) = 1 and i{^)da = 0. Here i{X)LL! stands 
for the interior product of a vector field X with a differential form to. A 
contact form is called a regular contact form if the orbits of the Reeb field 
generate a free action on M. The quotient manifold B = M/S^ is a 
symplectic manifold {B,lo) and if p : M — > 5 is the canonical projection, 
then p*uj = da. We refer to [13] for the standard reference on contact 
geometry. 

The set C{M, a) of vector fields X on M such that Lxa = uxot for some 
function fix : M — > M, where Lx denotes the Lie derivative along the vector 
field X is a Lie algebra, called the Lie algebra of contact vector fields. 

The sub-Lie algebra Ca{M) of vector fields X such that /ix = is called 
the algebra of strictly contact vector fields. 

The Lie algebra C{M,a) is isomorphic to the space C°°(M, R) of smooth 
functions on M. The isomorphism / : C{M,a) C°°{M,M.) is simply 
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defined by I{X) = a{X). We note the following fact: 

Hence £q,(M) corresponds to the collection of basic functions C^(M, M), 
i.e functions / : M — > M such that = 0. 

Either Lie algebra C{M,a) or Ca{M) supports the following norm 

(1) ||X|| =osc(/(X)) + lc(X)l 
where 

osc(F) = max Fix) — mmF(x) 
x&M x&M 

and 

c{X) = [ I{X)v^. 

JM 

An isotopy of M is a smooth map (p : M x [0, 1] — > M such that for all 
t G [0,1], 

(j)t:M^M x^(t){x,t) 

is a smooth diffeomorphism and 0o = id. To any isotopy we attach the 
family of vector fields 

An isotopy <f>t is called a contact isotopy if (pt G ^{M, a) for all t, and a 
strictly contact isotopy if <j)t G ^aiM). The collections of contact isotopies 
and strictly contact isotopies are denoted C(M, a) and 5(M, a), respectively. 
We will usually write C and S since the contact manifold (M, a) is fixed 
throughout. 

We define a distance on C (or S) as follows: for $ = (</>t),^ = (ipt) G C, 
set 

(2) D{^,^):= f\\\<}>,-i;,\\ + \\4>-^-^-^\\)dt. 

Jo 

The length of a contact isotopy $ is 

= D($,id) 

where id is the constant isotopy id(t) = idM for all t. Observe that this 
length is slightly different from the one defined in [5j, but reduces to it on 
S. 

Let Homeo(M) be the group of homeomorphisms of M with the C^— 
topology. This topology is the metric topology induced by the following 
metric |15] : let do be a distance on M induced by some riemannian metric. 
For h,g Homeo(M) set 

d{h,g) = max{sup do{h{x), g{x)), sup do{h~^{x), g~^{x))}. 
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We denote the collection of continuous paths of homeomorphisms of M 
based at the identity by 'H(M, id), or Ti if there is no confusion. If A = 
(Xt), fJ- = {fJ't),t £ [0, 1] are elements of TC we define 

(3) d{X,n)= sup d{Xt,Ht)- 

ie[o,i] 

Definition 2.1. The contact topology onC (or on S ) is the metric topol- 
ogy induced by the contact distance dcont- 

The contact topology is independent of the choice of metric on M since 
the topology is independent of the metric do [15]. 

Following [T5] we now define the set of (strictly) contact homeomorphisms. 
Consider the developing map Dev : C C°°{M x [0, 1],M) 

(4) Dev((/>iy) = if G C°°(M X [0,1], M) 
and inclusion map lq : C ^ 7i 

(5) tci^n) = (t>H^n. 

The product of these maps is called the unfolding map and is defined as 
follows 

(6) (Dev,tc):C ^ C°^(M x [0, 1],R) x ?^ 

(t)H ^ {H,(I)h)- 

Denote Qc = Image (Dev, tc) C C°°(M x [0, 1], M) x 7^ with the product 
topology. Let be the closure of Qc inside L'^°°^^\M x [0, 1],M) x H. Both 
the developing and inclusion maps extend to continuous maps 

De^ : Q^^L(°°'^) 

and the evaluation map evi : Tl — > Homeo(M) 7 1-^ 7(1) also extends to the 
image of the inclusion 

evi : Image (ic) — Homeo(M). 

Definition 2.2. Let (M, a) be a compact contact manifold. Define the set 
of contact homeomorphisms 

C{M,a) = {h e IIomeo(M) | h = evT{-f),j G Image(Z3)}. 

In other words a homeomorphism h G IIomeo(M) is a contact homeo- 
morphism if there exists a continuous path 7 : [0, 1] Homeo(M) and a 
Cauchy sequence of contact isotopies with respect to the contact distance, 

— convergent to 7 such that 7(0) = id, 7(1) = h. Also in particular the 
sequence Hn = I{^n) is Cauchy with respect to the L^°°'^'>— contact length. 
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Observe that the set of contact homeomorphisms admits two topologies: 
As a subset of Homeo(M), C(M, a) inherits the subspace topology under 
the C''— topology, and, coming from the quotient topology induced from the 
surjective mapping 

p := eUI o : ^ CiM, a). 

(In the latter topology recall that a subset A C C{M,a) is open if, by 
definition, p~^{A) C Q is open in the contact topology.) 

We regard equation ([2]) as defining an L^^'°°'*— contact topology. 

As in the symplectic category [15] we may also introduce an version 
of the contact topology: For G C{M, a), set 

(7) I)oo(^,^):= ms.^(\\^t-M + \\^;' -^t'W) 

te[o,i] V / 

Here again the norm || - || comes from equation ([T]) and we define the 
uniform contact distance 

for two contact isotopies <I> and ^. Completing with respect to d^nt within 
the product of L°°— functions and paths of homeomorphisms 

L°°(M X [0,1], M) X n 

may result in a new set, say Cao{M,a) and an obvious question to ask is 
the analogue of Miiller's theorem [l4j . 

Question 2.1. Do the following sets coincide 

CooiM,a) = CiM,a)? 

Likewise the above discussion holds over to the case of strictly contact 
isotopies and, replacing C with S we define the set of strictly contact home- 
omorphisms, denoted S{M, a) by completing at the level of isotopies within 
the product of the collection of smooth basic functions and paths of home- 
omorphisms 

Qs := Image(Dev, is) C C^{M x [0, 1],M) x Ti. 
Here we have Dev : S ^ C^{M x [0, 1], M) 

Dev((/.H) = H 

and is '■ S ^ Ti 

1's{4>h) = 4>H- 

Again we may ask the following question 
Question 2.2. Do the following sets coincide 

Soo{M,a) = SiM,a)? 



Our first result is 
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Theorem 2.1. Qs is a topological group. 

The product and inverse of two elements {(j), H), {ip, F) of Qs are defined 
to be 

(8) {cj),H)-{ilj,F) ■.= {(!) oip,H + Fo{cj)t)-^) (product) 

(9) ((/), H)-^ := -H o 4>t) (inverse). 

Definition 2.3. In the definitions of C{M,a), S{M,a),Coo{M,a), and 
Soo{M,a), the limit of I{^n) in L^^'°°'^ is called a topological contact hamil- 
tonian of h and the limit of I{^n) in L^°°^ is called a continuous contact 
hamiltonian of h. 

The automorphism group of the contact structure defined by the contact 
form a is the group Diff(M, a) consisting of those diffeomorphisms (f) such 
that 4>*a = ffj,a, for some function f^. 

We propose that the autom,orphism group of the C^— contact topology he 
defined as the closure Diff(M, a) of the group Diff(M, a) of contact diffeo- 
morphisms inside the group Homeo(M) of homeomorphisms of M, endowed 
with the C^ — topology. 

This group is the analogue of the group Sympeo(M, lo) of symplectic home- 
omorphisms of Oh-Muller [15] . 

We may call this group Conteo(M, a), i.e. 

Conteo(M, a) = DifF(M, a) C Homeo(M) 



Let DiffQ(M) be the closure in Homeo(M) of the group Diff„(M) = 
{(p I 0*q; = a}. Then Diffa(M) is a subgroup of Conteo(M) containing 
S{M, a). 

Theorem 2.2. Let (M, a) be a compact contact manifold. 

(i) The collection of strictly contact homeomorphisms S{M,a) forms a 
normal subgroup of DiE a{M). 

(a) Denote by Ga{M) the group of all time-one maps of strictly contact 
isotopies. The group S{M, a) contains G{M, a) as a proper normal sub- 
group, and it is contained in the group of homeomorphisms preserving the 
measure defined by v^. 

3. Calculus of contact vector fields 

Suppose that 0t and '0t are isotopies of M and ht = 4>t o i>t- The chain 
rule gives 

ht = <i>t + {<t)t)*{ipt) 

which impUes that 
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Therefore if gt = (p^^ o tpt we have 

9t = -{(t)t'^)*4>t + {4>'t~^)*A 

(10) = -</>*)• 

If u is any diffeomorphisms of M and (pt is an isotopy and ht = uocp^ou^^ 
then ht = u^:4>t. 

If (pt is a contact isotopy, the family of functions H = (Ht) = I{4>t) is 
cahed the generator of the isotopy <j)f We write {(pt) = ^h- 

The inverse of the mapping / : C{M,a) C'^{M,R),X ^ a{X) is the 
map 

/ ^ 7(/) = yf + f^ 

where Yf is the unique vector field such that ct{Yf) = and which is defined 
by the equation 

i{Yf)da = - df. 

This is well defined since da is a symplectic structure on the contact distri- 
bution D = kera. It is immediate that 

and 

/(7(/)) = /. 

Now suppose that H = (Ht) and F = {Ft) are generators of strictly 
contact isotopies = and = (ipt)- 
Denote by F^H the generator of o 

Lemma 3.1. We have: 

(11) {F#H)t := {Ft - Ht) o (^f 

Proof. Recall the general identity ( see [4]) 

(12) ip^xi^ = {p-')*{ixP*io), 

where p is any diffeomorphism of a general manifold M , X any vector field 
X and LO. any differential form. 
Equations (fTOl) and (fT2]) imply 

%« = ^[(0-1), (^,-.^0]" = {\i;,-^,)i'Pt)*a 
Since (pt is a strictly contact isotopy, the right hand side in the previous 
identity equals (^a{ijjt — 4>t)^ ° 4>t and thus ig^a = {Ft — Ht) o (pt, which is 
exactly what we wished to show. □ 

This simple formula becomes more complicated for general contact iso- 
toies. In this case we have 



{F#H)t = {U, ■ {Ft - Ht)) 
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where /(^^ is the function such that {(j)t)*a = fcfi^a. A straightforward calcu- 
lation gives 

/<At = exp {i.Hs) o (t)s) ds 

where Ht = I{4>t) is the generator of the isotopy <I> = {(pt)- 

Therefore there is no nice formula relating the length of the isotopy ^Jj^^p 
and the lengths of the isotopies and ^p. 

4. Proofs of Theorems 2.1 and 2.2 

We begin by proving a straightforward and useful identity for computing 
the contact length of a strictly contact isotopy generated by a function of 
the form of equation pT]) . Let = [4>t) and = (V'f) be strictly contact 
isotopies on M and gt = (pi^ o ipt- 

Recall that in our notation given a function : Af x [0, 1] ^ M the 
contact length of is 

-1 



H\\= osc Ht + 







M 



dt. 



Lemma 4.1. Let $ and ^ he strictly contact isotopies with generating 
Hamiltonian functions H and F respectively. The contact length satisfies 

\\HifF\\ = \\H - F\\. 
Proof. First, the contact term c in equation ([T|) of the composition gt equals 

c{FifH)= [ {Ft- Ht)ocl)t aA{dar. 
Now since (pt is a strictly contact isotopy, this equals 
/ {Ft-Ht)o4>t.{4>ty{aA{dar)= [ {(PtTm - Ht) ■ a A {daTl 

JM JM 

and the change of variables formula finally implies 

c{FifH)= [ {F-H)v^ = c{F-H). 

Along with the fact that osc((F — H) o 0^) = osc(F — this proves the 
lemma. □ 



Remark 1. Observe that Lemma is false for a general contact isotopy. 
This is a source of difficulty when studying the more general contact home- 
omorphisms. 

Now let us proceed to the proof of Theorem 12.11 Let {(j),H) resp. {ip,F) 
be two elements of Qs. Recall that cf) resp. ^ is a homeomorphism of M 
which is the endpoint of a C*^— limit of a sequence of strictly contact isotopies 
^H„ = (fpn) resp. "ifpn = V'n whose sequence of generators Hn resp. F^ is 
Cauchy and converges to the function H resp. F. 
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Clearly the time-one maps of the isotopies o ^„ converge uniformly 
to (j)oip~^. We need only show that the generators Fn^Hn of o^'n form 
a Cauchy sequence. 



By LemmaO ||-^n#-ffn|| = - H, 



n I 



Lemma 4.2. Let e > be given. For any integer uq there exists Nq such 
that for any n,m> Nq we have \ \Fng o 0„ — F„g o < e. 

Proof. The uniform continuity of -F„,q implies that there exists 5 = (5(F„o) > 
such that \\FnQ o 0„ — F„q o (p^W < e if d^cpm'Pm) < ^- Such a Nq exists 
since d{(pn, (t^m) ^0. □ 

Now let e > be given. There exist ni and n2 such that 

n,m > ni =^ | — Hm 1 1 < e and 

n,m>n2 =^ \\Fn - Fm\\ < e. 

Let no > max{ni,n2} and Nq be large enough to satisfy the preceding 
lemma applied to either function Fuq or Hng with the given e. 

Then for any n,m > Nq 

WFnifH^ - F^#H;^\\ = \\{Fn - Hn) o - {Fm - H,n) O (l)m\\. 

by equation OT]) . 



Adding and subtracting the quantities F^ o 0„ and Hn o (pm and applying 
the triangle inequality yields 

\\Fn#Hn - Fm#Hn\\ < \\Fn o (p^ - F^ o (pnW + \\Fm o (pn - Fm o (f)m\\ 

+ \\Hm o (f)^ - Hn o (f)m\ \ + \ \Hn o (f)m - Hn o (f)n\\. 



By Lemma l4.lt 

\\Fn o 4>n - Fm o (j)n\\ = \\Fn - Fm\\ < e and 

\\Hm O 4>m — Hn O 4>rn\ \ = \ \Hm — Hn [ | < €• 

Now, consider the term \\Fni o 0„ — Fm o (pniW- Again by the triangle 
inequality and Lemma 14.21 

\\Fm o (t>n - Fni o (f)„T,\\ < | jF^ o - F„q o 1 1 

+ ll-^^no °(f>n- Fno o (/)^|| + \\Fno o - o 
— 1 1 1 1 ~l~ 1 1 '-' 4^11 -^tiq ^ 4'm \ \ 

~^ 1 1 -^no Fni 1 1 

< 3e 

Similarly one obtains the inequality 

\\Hn o (t>m - Hn o (t>n\ \ < 3e. 

Putting this all together we have shown that 

\\Fn#Hn — Fni#Hm\\ < 8e. 
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This proves that is a group. □ 

Recall that the product and inverse of two elements {(f), H), {ip,F) € Qs 
are defined by the equations 

((/>, H)-{i;,F) = {ct>o4;,H + Fo 
{ct>,Hr' = {ct>-\-HocPt) 

We now show that these maps are continuous with respect to the contact 
topology. Indeed let (/>„, Hn and V'n, Fn be sequences of elements of Qs such 
that under the contact metric dcont 

(<A„,i/„)™(<A,i/) 

(V'n,Fn)™(V',i^) 

It is clear that o tp^ converges to (p o ip under the d metric. Moreover 
we have 

\\Hn + Fn o cp-'^ - {H + F o < \\H-Hn\\ 

+ \\Fn o <p-^ - F o (p-^\\ 

and this in turn is smaller than 

\\H-Hn\\ + \\F-Fn\\ + \\Focp-^-Focp-^\\. 

Thus 

(13) \\Hn + Fn o cp-^ - (H + F o (P"')\\ < ||ii--i/„|| + ||F-F„|| 

+ ||Fo(/)-i -Fo0-i||. 

Now ll-ff — -ffnil and ||-F — Fn\\ both approach by assumption. The 
sequence of functions Fo(^~^ is bounded by sup{|-F(x, t)| | {x,t) G Mx[0,l]} 
and converges almost everywhere to {F o 0) and thus by the dominated 
convergence theorem the third term of equation ()13p satisfies 

lim \\Fo(p-^ -Fo(P~^\\ =0 

n— ►oo 

and this proves that under the dcont metric we have 

(0„, Hn) ■ ii^n, Fn) o V, + F O 0-1) 

and so the product map is continuous. 

For the inverse, suppose that a given sequence {(pn,Hn) converges to 
((/>, H) under the contact metric dcont- Certainly d{(pn^, (p^^) ^ as n ^ oo. 
We must show that 

lim 1 1 — Hn o (pn — {~H ° (p)\\ =0. 

n— >oo 

This time we have 

\\- H 0(Pn + H 0(P\\ < \\-HnO(Pn + Ho(Pn\\ + \\-Ho(Pn + Ho(P\\ 
= \\H -HJ\ + \\-Ho(Pn + Ho(P\\ 
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and again the first term approaches zero by assumption and the second term 
approaches zero by the dominated convergence theorem. 

This proves that the inverse is continuous and finishes the proof of The- 
orem 12.11 □ 

Now we proceed to prove theorem 2.2. The group structure on Qs clearly 
projects continuously to composition and inverse on S{M,a). 

We show that S{M,a) forms a normal subgroup of DiSa{M). Indeed 
suppose that u G DiSa{M) and that n„, is a sequence in Diffo,(M) which 

—converges to u. Let = (0n) ^ Cauchy sequence of strictly contact 
isotopies, then ii„o$„oii~i is a Cauchy sequence of strictly contact isotopies 
since if Hn is the generator of then the generator of Un o ° is 
Hn ° and the contact length satisfies \\Hn o = by the proof 

of Lemma l4. 11 This proves that S{M, a) is a normal subgroup of DiffQ(M). 

We now prove that each element (p ^ S{M, a) preserves the measure 
Ua = a A (da)^. Let U C M he a measurable subset and xu denote the 
characteristic function of U. For all k , 



M= / XwaA(a!a)"= / 0^(xw • a A (do)") 

JM JM 
by the change of variables formula and 

(PUXU ■ a A (da)") = / (xc/ o 0fc) • a A (da)" 

M JM 

since 0^a = a. Therefore: 

\U\ = lim / (xu o (/.fc) • a A (da)". 

'<:-"^ JM 

By Fatou's lemma 

\U\ = lim / {xu o (pk)i'a 
JM 

< I lim xw o 

JM ^^'^ 



M 

= \m\- 

Hence \U\ < \f{U)\ for all measurable subsets U C M. In the above 
argument we replace U hy V = (j)~^{lA) and obtain 

\m\ = ivi < \m\ = P\- 

Hence \<i){U) \ = \U\. 

It is not difficult to see that the group of strictly contact homeomorphisms 
forms a proper sub-group of all z^q— preserving homeomorphisms. Compare 
with Example 4.2, [15j. 
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To begin, let Z he the cylinder 

Z = {(r, 0, z) \r G (0, 1), [0, 2-k) - l<z<l} 

2 

with contact form a = ^dO + dz. In these coordinates the Reeb field is 
^ = ^ and so a function : Z x [0, 1] ^ M is basic if ^ = 0. The strictly 
contact vector field of a basic function H away from r = is 

^ _ IdHd^ldHd^/ r dH\ d 
r 86 dr r dr dO \ 2 dr J dz 

Now let p : (0, 1] — > be a smooth decreasing function such that for some 
small e > 

rG(l-e,l] 
^ rG(0,e). 

Consider the (autonomous) basic function — ~ sp{s)ds. The time- 
one map (p^ of the vector field Xhp is smooth and a— preserving away from 
r = and extends continuously (but not smoothly) to a measure preserving 
mapping of the cylinder Z. By approximating p with a sequence pn of 
smooth functions on [0, 1] we obtain that (p^ € S{Z,a). 

Using this construction as the local model this map can be implanted 
in any to produce (/>^ G S{M,a) \ Ga{M). A similar example can be 
constructed on any 2n+l dimensional contact manifold (M, a). 

This finishes the proof of Theorem 2.2. □ 

As in [15] it is interesting to ask whether, in the above example, (p^ G 
S{M, a) if 



Pir) 



/ sp{s)ds = +00? 
Jo 



5. The regular contact case 

Throughout this section we assume that the contact form a is regular. 
This means that the flow of the Reeb field of a generates a free action on 
M, the quotient manifold B = M/S^ is a symplectic manifold {B,uj) and 
the canonical projection 

TT : M ^ B 

is a principal fibration such that it*uj = da. The contact form a is a 
connection in the principal bundle vr, and the symplectic form uj is its cur- 
vature. Moreover the cohomology class [uj] of uj is integral. Conversely any 
compact symplectic manifold {B,uj) such that [uj] is an integral cohomology 
class, is the base of principal bundle vr : M — > whose Chern class is [uj]; 
M carries a regular contact form, which is a connection form with curvature 
UJ. This bundle is called the the prequantization bundle [Sj. Regular contact 
forms are of great interest in mechanics |16j . 
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We use the close relationship between strictly contact diffeomorphisms of 
M with hamiltonian diffeomorphisms of B to extend to the strictly contact 
case some results obtained in the case of hamiltonian homeomorphisms. 
When F : B X [0,1] — > M is a function on a symplectic manifold B, we 
denote 



I Hofer 



OSCx(zB{F{x,t))dt, 



and 



l^llnofer = rnax {oscxfz BF{x,t)} 



while when H : M x [0, 1] 

\\H\\ -- 
(see formula ([I])), and 

ll-f^lloo 



is a function on a contact manifold M, 



osCy(z M{H{y,t)) + 



M 



dt 



max I osCy(zM{H) + 



M 



We will continue to denote by the strictly contact isotopy of (M, a) , 
generated by the function H : M x [0, 1] ^ M, while we denote hy (pp the 
hamiltonian isotopy on {B,uj) generated by F : i? x [0, 1] — > M. 

Let us first recall well known results on strictly contact vector fields on 
the prequantization total space (M, a) and hamiltonian vector fields on the 
base {B,uj). 

Scholium 5.1. There is an explicit identification between the basic functions 
C^{M) on M and the smooth functions C°^{B) of B. 

Proof If F € C°°{B), then clearly H = F o n e (M). Conversely, let 
H E C^{M) and let U = {Uj)j^j be a trivializing open covering of B, i.e. 
the bundle : M ^ B is trivial over each Uj. Let ajj be a local section. 
Define 

(14) F{b) = H{au{b)) for 6 G [/. 

Equation (jl4p clearly defines a smooth function. Moreover because H is 
equivariant F is well defined and satisfies F o vr = H. Indeed let x € M and 
suppose that 7r(x) G U . Then Fo'k{x) = H {ai/{7r{x))) and this equals H{x) 
because cTc/(-7r(x)) and x are contained in the same fiber and H is fiber- wise 
constant. 

□ 

Note that the function F is not normalized, i.e. 

F Lu^"^ / 0. 

B 

where the dimension of M is 2d. 
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We normalize F by setting 



F = F- I Fuj^'^. 



Proposition 5.1. With the above notations, we have: \\H\ \ > ||-F||Hofer '^''^d 

II-" I loo ^ W-T llHofer 

Proof. The proof is trivial since because H = F o n, 

osCxeMiH{x,t)) = osCy^B{F{y,t) = osCyeB{F{y,t) 

□ 

Proposition 5.2. A strictly contact isotopy ^jj corresponds to a unique 
hamiltonian isotopy (pp; the correspondence is given by 

(15) Xf ^ {da)-\-d{F o n)) + {F o vr)^ = 

at the level of corresponding vector fields. 

Let TT : M ^ B be as above. For any y & M we have 

Tirlyi^H) = XF{7r{y)) 
where Xp denotes the hamiltonian vector field of the function F. □ 

We now recall the definition of the the group of hamiltonian homeomor- 
phisms [15]. 

Denote by TC{B, ids) the collection of paths of homeomorphisms of B 
starting at the identity 

n{B, idn) = {A : [0, 1] ^ Homeo(S) | A(0) = ids} 

and equip this space with the C*^— topology induced by the metric d. See 
equation ([3]). The symplectic homeomorphism group, denoted Sympeo(i3, to) 
is the closure of the group of symplectic diffeomorphisms Symp(i?, to) within 
the group of homeomorphisms of B. 

Now denote by P^^"^(Symp(5, w), id) the space of smooth hamiltonian 
isotopies A : [0, 1] — > Symp(5,u;) with A(0) = id. 

The hamiltonian distance between two hamiltonian isotopies A = (pn and 
fj, = ipF is 

4am(A,/i) ■.= d{X,fl) + \\F - FllHofer- 

The developing map 

Dev : P^^'"(Symp(B,u;),id) ^ C^{B x [0,1], K) 

X ^ F 

assigns to a hamiltonian isotopy the unique normalized hamiltonian function 
F : B X [0, 1] — > M generating the flow and the canonical inclusion map 

^ham : P^"'"(Symp(S,a;),id) ^ ?i(S,id) 
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regards a hamiltonian isotopy as a path of homeomorphisms. The product 
of these maps is called the unfolding map 

(Dev,6ham) : P^""'(Symp(S,cu),id) ^ C^,{B x [0,1], M) x n{B,id) 

and its image is denoted 

Qham := Image(Dev, iham) C n{B,id) x C^{B x [0, 1],M) 

The inclusion and developing maps extend continuously to the closure Qham 
and the evaluation map evi extends to the image of Zham 

evi : Image (Zham) — > Homeo(i?). 

Then 

Hameo(i?,cj) := {h £ Homeo(-B) | h = el'i(A), A G Image(Zham)}- 
is a topological group, called the group of hamiltonian homeomorphisms 

Let us now compare the distances between strictly contact isotopies 
of (M, a) and between hamiltonian isotopies of {B,uj). For this we need to 
describe some nice split riemannian metrics. 

A contact metric structure on a contact manifold (M, a) is a couple {g, J) 
of a riemannian metric g and a 1-1 tensor field J such that 

(1) JC = 

(2) J^X = -X + a{X)^ 

(3) daiX,Y) = g{X,JY) 

(4) g{X, Y) = g{JX, JY) + a{X)a{Y) 

Such contact metric structures exist in abundance [7]. 

In the regular contact case, the connection form (contact form) a identifies 
TxB with Dx-, where D = Ker a is the contact distribution. Hence {g-,J) 
induces a split metric gM = 5b + a © a. Denote by do^M,do^B,dM and 
dB the corresponding distances on strictly contact isotopies on M and 
hamiltonian isotopies on B. 

Lemma 5.1. Let (i= 1,2) he two strictly contact isotopies with gener- 
ators Hi and (jyp. be the corresponding hamiltonian isotopies with generators 
Fi such that Fi o -k = Hi, (see Scholium \5.1\) then: 

dM{^Hi,^H2) < dB{4>F^,(t>F2)) + 2 max \Hi - i^al 

and 

d^i{^Hi,^H2) <^b((/'Fi,(/)F2)) + 2 max|i/i - H2\. 

Therefore 

dcLt {'^Hi,^H2))< dham (</'^^i , '/'//a ) ) + 3 max \Hi - Hil 

and 

c^mnt(^Hi,$H2)) < d^^„,{(t)Hi,4>H2)) + 3inax\Hi - H2\ 
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Corollary 5.1. Let (f)p^ he a Cauchy sequence of hamiltonian isotopies of 
{B,uj) for the hamiltonian distance d^^^ on B Then ^h„ is a Cauchy se- 
quence of strictly contact isotopies of {M, a), where -F„ o vr = Hn- 

The main results of this section are the following 

Theorem 5.1. Let {M,a) be a compact manifold with a regular contact 
form a. Fix a t with < t < 1. Let <l>/f. be a sequence of strictly contact 
isotopies such that <1>^. converges to a homeomorphism ijjt '■ M ^ M . If 
: M X [0, 1] ^ M is a smooth basic function such that \\Hi-jj^H\\oo 0, 
then V't = ^^H- 

Theorem 5.2. Let (M, a) be a regular contact manifold. If the sequence 
of basic functions Hn : Af x [0, 1] — * M is Cauchy with respect to the norm 
II ■ lloo and the sequence of strictly contact isotopies converges uniformly 
to the constant path at the identity, then 

lim Hn = 0. 

Therefore, an element h € 5oo(M, w) gives rise to a unique continuous 
contact hamiltonian. 

Theorem 5.3. On a regular contact manifold, the group of strictly contact 
homeomorphisms is a central extension of the group of Hamiltonian home- 
omorphisms of the base, Hameo(i3, w), by , i.e. there exists a short exact 
sequence of groups 

(16) 1 ^ ^ Soo{M,a) ^Rameo{B,n) ^ 1. 

Theorem 5.1 is the analogue of following 

Proposition 5.3. (^|15j ) Let {B,uj) be a compact symplectic manifold and fix 
a value ofO<t<l. Let (pp. be a sequence of hamiltonian isotopies such that 
converges to a homeomorphism ipt : M ^ M. // F : S x [0, 1] — > M 
is a smooth function such that | l^^j^-^l |Hofer 

0, then ipt = <Pf- 

In [15], this proposition was stated with t = 1. We think of (j)p as the 
time one map of the family s i— with s G [0, 1], which is generated by 
the family of hamiltonian functions 

Fs = t- F{x,st). 
Since < t < 1, we have ||-F||Hofer < ||-^||Hofer- 

The proof of this proposition uses the energy/capacity inequality in Hofer 
geometry [lO], [12] and beautifully illustrates the foundation of the topol- 
ogy- 

For the convenience of the reader, we reproduce verbatim their argument: 
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To the contrary, suppose that -0* 7^ 0^?, i-e. {(j)^p)~^o'tpt ^ id. By continuity 
there exists a small compact ball B such that 

5n(0*^)-ioV;t(s) = 0. 

Next since (pp^ converges uniformly to ipt we must also have that for all i 
sufficiently large 

i?n(((/.*^)-^oc/>*,J(s) = 0. 

Since the hamiltonian diffeomorphism displaces the ball B, the 

Hofer displacement energy [10\ satisfies 

e{B) < ||(</'*f)-^o</,*,J|Hofer 

for all i sufficiently large. The energy capacity inequality [12] implies 

(17) 0<e(S) < ||(0*j.)"'o,/>*,J|Hofer. 

Finally, since o (/)^_ is generated by Fi^F , we have: 

\\{4>*fT^ 0(/)^J|Hofer < | | Hofer < | | Hofer 

and by assumption Hofer — > as i — > 00, which contradicts equa- 

tion (dH). □ 

Recall that the Hofer norm \ of a hamiltonian diffeomorphism (j) is the 
infimum of Hofer where F runs over all hamiltonian functions generating 



5.1. The proof of Theorem 5.1. Let F, F„ : ^ M be functions on B 
such that F o TT = F and Fn o n = Fn from Scholium 15.11 By Proposition 
15.11 we have 

(18) ||F#F„||i,fe,^oo,n^oo. 

since \ \H^Hn\\oo ^ 00 as n — > 00. 

The strictly contact isotopies ^Hn^^H project to the hamiltonian iso- 
topies 4>F„,4>F- 

The homeomorphisms tp* : M ^ M must be equivariant. Indeed let 
s & S^. Since each is S"^— equivariant: 



ip {s ■ x) = lim ■ x) 

= lim s-^^H^x) 

i—*oo 

= s ■ ( hm <^>'h^{x)] 



= s-ip^{x). 

Hence the homeomorphisms tpt descend to homeomorphism tp^ : B ^ B. 
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In fact ^p'^{b) = 7r(^/'*(cr(6)), where a : U — > M is a local section (see S. 
5.1). - 

The fact that converges to ipt implies that 
(19) 'Ak^V^ 

uniformly ( since the distance ds is obviously smaller than the distance (Im 
Because of the trivial inequality 

||-^#-Pn||Hofcr < I |-^#-^n | Inofer 

and equations (fT8|) and ([19]) we may use Proposition 15.31 and deduce that 



i.e 



or 



hm (/)k = (pF^ 

n— >oo 



dB{4>F„^4'F) ^ as n ^ oo. 

By Lemma |5. II 

dAf(^'k' < dB{(l>k^^F) + 2 max \H^ - H\. 
The condition 

\\Hi#H\\oo 

implies that Hn — > H uniformly, hence max \ Hn — //[^Oasn— >0. 
Therefore 

^M($k' ^i/) ^0 as n ^ oo, 

which means that 

in the C'^-topology. Hence <1>^ = ipt D 

Theorem 5.2 is a consequence of the Viterbo uniqueness theorem for con- 
tinuous hamiltonians |T7|. 



Theorem 5.4. (|17jj Let Fn{x,t) be a sequence of normalized (smooth) 
hamiltonians on a compact symplectic manifold {B,uj) which converge in the 
topology to some continuous function H . If the sequence of hamiltonian 
isotopies <j)F„ converges to the trivial path at the identity in the topology, 
then H = 0. 

The proof of this theorem is delicate. At a point it requires an argument 
from the "hard" symplectic topology. 
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5.2. The proof of Theorem 5.2. Let F„ on B be the sequence of functions 
on B given by Scholium 15.11 such that Fn o n = Hn, and normahze them as 
usual: 

Fr, = Fn - I F 



B 



where d is half of the dimension of B. 
By Proposition 15.11 



1 1 p I iHofer ^ \ \Tj II 
I l-f^n I loo ^ I |-"n I loo • 

Therefore Fn is a Cauchy sequence in the topology, and hence con- 
verges uniformly to a continuous function F. 

Since the sequence of hamiltonian isotopies (pp uniformly converges to 
the identity, Viterbo's theorem implies that 

lim F„ = F = 0. 

n^oo 

Hence the Cauchy sequence Hn = {Fn o vr + Fn uj'^) converges to 

C = lim / Fn w". 

The quantity C = Ct is a uniformly continuous function of t. Let be the 
family of strictly contact diffeomorphisms such that 



dt 

then (^c")"^ ° ^Hi generated by Hi#C. 

Obviously, ||-ffn#C'||oo when n ^ oo. We also have that idjvf 
uniformly. 

By Theorem 5.1, for any t > 



■C 

Hence C = 0. 



= idM- 



If two Cauchy sequences (in the L°° topology) 'l?^^, k = 1,2, converge 
to the same path 7 in the group of homeomorphisms then 

lim Hn = lim Hn- 

n— >oo n— »oo 

This is an immediate consequence of Lemma 3.1. This completes the proof 
of Theorem 5.2 □ 

5.3. The proof of Theorem 5.3. In the smooth category the group of 
strictly contact diffeomorphisms Ga{M) forms a central extension by of 
the group of hamiltonian diffeomorphisms of the base, Ham(i?,a;). 

Theorem 5.5 ([Ij). Suppose (M, a) is a compact regular contact manifold 
and let {B,uj) denote the quotient by the Reeb flow. There exists an exact 
sequence of groups 

(20) ^Ga{M) ^Ram{B,uj) ^1. 
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□ 

We recall the definition of the map p. Any h € Ga{M) is equivariant; 
hence it projects to a diffeomorphism h of B. If (^h = {(t>t) is a strictly 
contact isotopy with <I>^ = h, then </)ir is a hamiltonian isotopy with (f)^p = h. 
Here F o n = H is given by (Scholium 5.1). Therefore h £ Ham(M, uj). We 
define p by setting 

p{h) = h 

To define p, consider a homeomorphism such that there exists a path 7 
in Homeo(M) with 7(0) = id, 7(1) = /x, and a sequence of strictly contact 
isotopies which is Cauchy for the d^nt topology and converges in the 
topology to 7. 

A previous argument (in the proof of Theorem 5.1) shows that 7 is equi- 
variant, and hence projects to a path 7 in Homeo(i?). The sequence of 
hamiltonian isotopies (j)F„ is Cauchy for the d^^^ by Proposition 5.1, and 
converges to 7. This shows that /u = 7 G Hameo(-B,a;). Now set 

p{fi) = fi. 

To show that this map p is surjective, start with a € Hameo(i3, w), and 
a path p in Homeo(i3) such that p(0) = id , p{l) = a, a sequence of hamil- 
tonian isotopies (pp^, which is Cauchy for the d^^^ topology and converges 
to p. These data specify an element of Hameo(M, w), since by Miiller's 
theorem, we may define Hameo(M, u) using the L°° topology [T5j. 

By Corollary 5.1, the lift ^h„ of the hamiltonian isotopies (j)F^ (where 
Hn = Fn o TT, (sec (Scholium 5.1)) is Cauchy the d^nt topology. Its 
limit is a continuous path 7 G IIomeo(M). Therefore 7(1) G Soo{M,a) and 
projects onto a. Therefore our map p is surjective. 

Let us now consider two elements fii,i = 1,2 in Soo{M,a) such that 
p{pi) =p{p,2)- With the notations above the paths ji G Homeo(-/Vf) satisfy 

7i(0) = id, 7i(l) = m 

and project to 7. with ~ ^2' Cauchy sequence in the 

d^^t distance, converging in the topology to 7^. Let L„ = F^jj^F^, 
where F^ o n = HJ^ then (j)L^ is a Cauchy sequence for the dJJ^^^ topology 
and id uniformly. From the proof of Theorem 5.1, we have that 

lim„_+oo Gn is some constant C, where Gn = H^^H^ 

Since ^^^^ /X2(/ii)~^, and ||Gn#C|| —>■ 0, theorem 5.1 says that = 
Ai2(/Ui)^^- Therefore H2{pi)~^ is an element of the transformation along the 
Reeb field, i.e. it belongs to S^. Hence the kernel of p is S^. 

Finally observe that all the maps are continuous. □ 

The only thing which is left is the proof of Lemma 5.1 and its corollary. 
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5.4. The proof of Lemma 5.1. Given isotopies <I>g or we write $0(2;), 
resp. (ppiy) for ^^{x), resp (j)^p{x) for some fixed to- By definition, the dis- 
tance do{^Hi {x), (x)) is the infimum of the lengths /(7) of paths starting 
at ^Hi{x) and ending at ^h2{x))- If 7t is the velocity vector of the curve 7, 
then ^(7) = \ jt\^t, where (|7i |)^ = 5(7*, 7t) and g is some riemannian met- 
ric. Here we use a riemannian metric compatible with a and which is a part 
of a contact metric structure {g, J). We decompose 7^ as 7^ = J(70 + (Vj)^. 
Hence 

Kl< 1^(701 + 1^*1- 
Observe that J(7i) is equal to the velocity vector of the tangent vector 
along the projection 7r(7) of the curve 7. That curves joins (/>ir^ (7r(x)) to 
(j)F2i'^{x))- Integrating the above inequality, we get: 

(21) /(7) < ^(vr(7)) + C\V,{t)\dt 







Now taking the infimum on both sides of the inequality above yields the 
inequality: 

do($//,(x),$H2(x)) <do(0Fi(^(x)),(/>F2(vr(x)))+inf f / \V{t)\ dt 







We need to observe that any path 6 between (pF-^^{7r{x)) and (pp^i'^ix)) 
is the projection of some curve in M joining ^Hi{x) and ^h2{x)- Indeed 
take the horizontal lift of 5 starting at ^jjiix), and join its extremity with 
^H2 {x) through a piece of trajectory of the Reeb field. The resulting curve 
has the required properties. This is why the infimum of the first term in 
the right hand side of equation ([2T]) is the do distance between (pPiix) and 

(pFiix)- 



Consider now the curve 7 



then 

V^{y) = a(7^) = {H2){sto,y) - {Hi){sto,y) 
We conclude that 



Clearly, 



do{^Hi,^H2) < do{(t>Fi,(l>F2) + sup\Hi{x,t) - H2{x,t)\ 

{x,t) 



(i^^($Hi,$//2) < d^{'pFr,(pF2) +"2 I SUp|ifi - H2\ 



Add \\Hi — H2\\oo to both sides of the inequality above. And recall that 

I Hofer 



^^1 - ^2 00 = F1-F2 ™ + max 

te[o,i] 

< I |Fi - F2 11^°^'='' + sup\H^-H2\- Vol(M) . 



/ {Hi - H2) uo 
Jm 
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Without loss of generality we may assume that the volume of M is equal to 
1. We get: 



C^mnt(^Hi, ^/fa) < '^ham('/'Fi > (^Fa ) + 3 SUp \Hi - i^al 



This finishes the proof of Lemma 5.1 
Proof of Corollary 5.1. 



□ 



Let e be given and let ei = (8/ll)e. If is Cauchy for the (iham distance, 
there exists no such that for all n,m > uq, 



and 



I?? _ 7? II < £i 
l-^^ji -f^m I |oo ^ n 



ei 



The first equation above implies that max |i^„ — F^l < — , and equation 

{x,t) 4 

(2) and Lemma 5.1 give: 



Finally 



\Hn — H, 



n -'-'m oo 



P-n F^m 1 1 oo ~l~ 



Jm 



Therefore 



ei\ llei 



e. 



□ 



6. Remarks on the contact rigidity 



The Eliashberg-Gromov rigidity theorem (see [5].|llj) states that if a se- 
quence {(j)n) of symplectic diffeomorphisms of a compact symplectic manifold 
(M, Lj) converges in the topology to a smooth diffeomorphism ip, then ^p 
is symplectic, i.e. jp*ui = uj. 

Is the analogue of this statement true in contact geometry? Namely if 
a sequence of contact diffeomorphisms converge in the C*^— topology to a 
smooth diffeomorphism, is this limit a contact diffeomorphism? 

We do not know the answer to this question. Let us consider the follow- 
ing narrower question: If a sequence (j)n of strictly contact diffeomorphisms 
of a compact contact manifold converges in the topology to a smooth 
diffeomorphism -i/;, is this diffeomorphism a strictly contact diffeomorphism? 



-CONTACT TOPOLOGY 



23 



We can not answer this question either. However, if the contact manifold 
(M, a) is regular, then ip*da = da. 

Indeed the sequence (f)n of strictly contact diffeomorphisms induces a se- 
quence of symplectic diffeomorphisms of the basic symplectic manifold B 
which converges to a smooth diffeomorphism h of B. By Eliasherg- 
Gromov, h is symplectic,i.e h*ui = to. Since ip projects onto h and da = Tr*uj, 
it follows that ip*da = da. From this equation, we see that 'ip*a — a is a 
closed form. It is easy to see that it is a basic 1-form, which represents the 
Calabi invariant of /i ( see [2j and [3] ). The next step would be to show that 
this invariant is zero. This would easily lead to the fact that ip is a strictly 
contact diffeomorphism. 
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